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Effect of Free Surface Shape on Combined Thermocapillary
and Natural Convection
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Combined thermocapillary and natural convection in an open square cavity with differentially-heated side
walls is studied numerically as well as experimentally. The test fluid is silicone oil with Prandtl number of 105.
The shape of fluid-free surface is made either flat or curved to study its effect on the flow. A finite difference
scheme to deal with a curved free surface is developed. The experimental results shown agree with the numerical
results. With the curved-free surface, the flow and local heat transfer rate are reduced in the corner regions,
and a sharp peak in heat transfer rate at the top edge of the cold wall disappears.

Nomenclature
Bo = static Bond number, pgL2cr
Bo = dynamic Bond number, GrIRcr
Gr = Grashof number, gjSATL3/*'2
g = gravitational acceleration
h = free surface height
L = container dimension
Nu = local Nusselt number, Eq. (14)
Pr = Prandtl number
RO. — surface tension Reynolds number, crr
T = temperature nondimensionalized as (T - TC)/AT
Tc = cold wall temperature
(u, v) = velocity in (;t, y) domain nondimensionalized by

v/L
(x, y) = coordinate system, (Fig. 1)
j8 = volumetric expansion coefficient in Gr
AT = temperature difference between hot and cold

wall
ju, = viscosity
v = kinematic viscosity
(£, 17) = coordinates, Eq. (1)
p = density
cr = surface tension
o> = temperature coefficient of surface tension
T — shear stress at free surface
4> = inclination angle of free surface
iff = stream function
0} = vorticity

Introduction

T HE flow caused by heat-induced surface tension varia-
tion along a liquid-free surface is called thermocapillary

flow. In a 1 g environment the flow coexists with buoyancy
driven flow and is usually overshadowed by it (except for flows
of small dimension) but in a low g environment thermocap-
illary effects could dominate. The attractiveness of the low g
space environment for crystal growth stems from the belief
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that crystal imperfections and impurities can be reduced by
minimizing natural convection and utilizing containerless crys-
tal growth process (e.g., float zone growth). Because liquid-
free surfaces with temperature gradients are inherent to all
containerless processes, convection effects associated with
thermocapillary flows could be important in space.1:2

Thermocapillary flow and combined thermocapillary and
buoyant flow have been studied in the past by several inves-
tigators. The work pertinent to the present study are the
numerical computations discussed in Refs. 3-6 and the ex-
perimental work in Ref. 7. All the numerical work considered
flow in a square cavity with differentially-heated side walls
and with a flat undeformable free surface. The effects of
various dimensionless parameters on the velocity and tem-
perature fields were investigated. Some important numerical
problems in analyzing high Marangoni number thermocapil-
lary flow are discussed by Chen.8 Metzger and Schwabe7 used
a square cavity with a flat-free surface in their experiment
and studied the interaction between thermocapillary and
buoyant flow under various heating conditions.

Although a flat-free surface simplifies the analyses, the free
surface can be quite curved in low g and 1 g situations where
thermocapillary flow is important. Cuvelier and Driessen9 nu-
merically analyzed steady thermocapillary and buoyant flow
in a cavity with a deformable-free surface using a finite ele-
ment method. They studied the effect of various parameters
on the free surface shape and flowfield and showed that the
flow can cause a large free surface deformation under some
conditions, but in reality, those conditions require unrealistic
physical properties. Neitzel et al.10 employed a similar finite
element method to study thermocapillary and buoyant con-
vection in model float zones of NaNO3 and Si. They noted
that within the parametric ranges studied the flow-induced
free surface deformation was very small. Thermocapillary flow
in a cavity with a curved but fixed-free surface using finite
difference methods was investigated.11'12 Kamotani11 em-
ployed the vorticity-stream function formulation and showed
the effect of highly curved-free surface shape on the flow and
heat transfer for high and low Pr fluids. Keller and Bergman12

used a method based on the primitive variables and analyzed
the effect of convex- and concave-free surface shape for a
unit Pr fluid. They did not get convergence beyond the Mar-
angoni number 103 and the results are presented only for
mildly curved surfaces (6 larger than 55 deg).

In the present work, based on the work by Kamotani,11

combined thermocapillary and buoyancy flow is analyzed with
a curved- but fixed-free surface. An experiment is also con-
ducted to check the accuracy of the prediction. The effect of
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a highly-curved surface thermocapillary flow in microgravity
is also discussed.

Problem Formulation
Consider a two-dimensional square cavity of dimension L,

partially filled with a liquid (Fig. 1) that has a line of contact
with the side walls at the top edges of the cavity. The apparent
contact angle 0 must be greater than or equal to the actual
contact angle between the liquid and solid in order for the
contact line to stay at the edge. In the absence of gravity, the
static shape of the free surface has a constant radius of cur-
vature, but when gravity is present the surface takes on a
more complicated shape determined by the Bo and 6.
I When the side wall temperatures are fixed to impose a
horizontal temperature difference AT across the container
(with the free surface and bottom wall considered thermally
insulated), flow develops due to surface tension variations
(thermocapillary flow) and, in the presence of gravity, due to
density gradients (buoyant flow). The capillary number, a
Bimensionless parameter representing the ratio of viscous-to-
surface tension forces, is a measure of free surface defor-
piation caused by the flow. Because the capillary number is
much less than unity in the present experiment (as discussed
below), the free surface is assumed in the present analysis to
maintain its static shape.

Numerical Analysis
Laminar, two-dimensional, steady flow is analyzed. The

present numerical scheme is based on one developed13-14 to
analyze flow about arbitrary two-dimensional bodies. Because
the present scheme is discussed in Kamotani,11 it is only out-
lined here.

The body-fitted curvilinear coordinates are adopted. They
are generated from the original Cartesian coordinates (x, y )
(defined in Fig. 1) by the following transformation:

with

= x and 77 = ylh(x) (1)

where h(x) represents the ^-coordinates of the free surface.
Thus £ = 0 and f = 1 correspond to the hot and cold walls,
respectively, and 17 = 0 and ry = 1 correspond to the bottom
and the free surface, respectively. The curvilinear coordinates
in the (*, y) plane and those in (£, 17) plane are illustrated in
Fig. 1.

The present numerical scheme is based on the vorticity-
stream function formulation. The dimensionles vorticity, stream
function, and energy equations in the transformed plane can
be written as

+ Gr(yJ, - y^rj)

r, + (t^ -
= QTJPr

(2)

(3)

(4)

o.o x 1.0 ' o.o £ 1.0
ORIGINAL PLANE TRANSFORMED PLANE

a = h2

ft = hhx

y = 1 +

J = h

Q =

(5)

- hhxx)/h2

In the above equation lengths, time t, vorticity w, and stream
function if/ are dimensionless with respect to L, U-lv, vIL2,
and v, respectively. Temperature T is made dimensionless as
(T - TC)/AT.

The boundary conditions along the solid surface are

r(o, T,) = i,
co(0, 77) = -<

/) = 0(£ 0) = 0

r(i, 10 = T&, o) = o
0, T/), o>(l, 77) = - , 77)

(6)

The temperature and stream function boundary conditions
along the free surface are

f, 1) = 0 and Tn(f, 1) = 0 (7)

where n denotes the direction normal to the free surface.
The vorticity boundary condition at the free surface is more

complex. An approximate condition was used in Kamotani11

but the exact condition can be derived as follows. The tan-
gential stress at the free surface can be expressed as

T/IJL = (cos2</> — sin2(t))(uy + vx) — 4 sin </> cos <f>vx (8)

where <f> is the angle the free surface makes with the hori-
zontal, u and v are velocity components in the (x, y) plane.
With the help of the impermeability condition (v = u tan <£)
and the continuity equation (ux + vy = 0), Eq. (8) can be
reduced to

= Uy - Vx + = -0) + 2U(f)x((t) ± 77/2) (9)

For thermocapillary flow the boundary condition at the free
surface is

T = -o-TTs (10)

where s denotes the direction tangent to the free surface.
From Eqs. (9) and (10) one gets

0) = CTTTS/IJL

or in terms of the dimensionless variables

co = T^ + 2i«fc (11)

at the free surface.
In 0 g the free surface shape is a circular arc with angle (/>

between its tangent and the side wall at the contact line. In
1 g the shape is determined by the balance between surface
tension and gravity, which can be written in dimensionless
form as

Boh = hj(l + h*)3/2 (12)

The above equation is solved with the boundary conditions

Fig. 1 Original curved surface domain and transformed domain. = -cot0 and hx(\) = cot (13)
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The equations and boundary conditions describing the flow
contain four dimensionless parameters 1) Gr, 2) R^ 3) Pr;
and 4) Bo. The ratio of buoyancy to thermocapillary forces
is represented by Bo = GrlR^.

A finite difference method is used to solve the problem.
The time derivatives are forward-differenced and the con-
vection terms are finite-differenced based on a first-order up-
wind-differencing scheme. The remaining terms are approx-
imated by second-order central difference expressions. For
convenience a time-derivative term is added to the stream
function equation. Then the time-dependent solutions are ob-
tained for the vorticity, energy, and stream function equations
using the ADI method. The solutions are considered con-
verged when the largest relative variation in any of o>, 7, and
\fj is less than 10~4. The grid system adopted herein will be
discussed below.

The heat transfer rate at the vertical walls is represented
by the local Nu:

Nu = dT/dx at x = 0, 1 (14)

In the case of a thermally insulated concave free surface Nu
is theoretically zero at y = 1 and has a finite value when the
surface is flat.

Description of Experiment
An experiment was conducted to test the results of the

numerical analysis. The test section used was an open rec-
tangular box with copper side walls (that were maintained at
constant temperatures by running constant temperature water
through them), two plexiglas end walls, and a plexiglas bot-
tom. It had a small cross section (1 cm x 1 cm) and relatively
large width (5 cm) to produce approximately two-dimensional
flow. The test fluid was silicone oil with 10-cS kinematic vis-
cosity at 25°C.

A microscopic observation of the fluid meniscus showed
that the contact angle between the test fluid and the copper
wall in air is about 5-10 deg. An apparent contact angle of
90 deg (flat-free surface) was obtained by filling the test sec-
tion to the rim of the container. The curved-free surface was
obtained by withdrawing fluid from the filled container until
the contact line started to move downward. The curved-free
surface shape is drawn in Fig. 1. The shape could be made
more curved by using a smaller test cell but that would make
it more difficult to measure the temperature field in detail.

Temperature data was taken by three thermocouples: two
imbedded in the copper side walls to measure the wall tem-
peratures and one mounted on a movable traverse to measure
temperatures in the fluid. The diameter of the latter ther-
mocouple joint was 0.038 mm, that was small enough to mea-
sure temperatures close to the fluid-free surface yet strong
enough to maintain its position against the flow. According
to the numerical analysis the thinnest thermal boundary-layer
thickness to be resolved in the experiment was about 0.25
mm. To measure the temperature of the free surface accu-
rately was not an easy task but in similar experiments (e.g.,
Kamotani and Lee15) we have established a procedure for the
measurement.

The temperature probe was bent in such a way that it touched
the free surface almost horizontally from the direction normal
to the jc-y plane to minimize the measurement error due to
heat conduction through the wire leads. With the help of a
microscope the probe was positions so that the tip of the
thermocouple junction was seen to create a tiny hump at the
surface. In addition, the hot and cold wall temperatures were
adjusted to make the average surface temperature close to
the surrounding air temperature. The error in the surface
temperature measurement is estimated to be within ±5% of
imposed AT. The imposed horizontal temperature difference
was 10 ± 0.1°C, a value large enough to allow accurate mea-
surement of temperature distribution yet still small enough

for the assumption of constant viscosity to be approximately
valid (viscosity variation was ±8% in the container).

Fluid motion was visualized by adding small (1-10 jum
diam) alumina particles to the fluid. A HeNe laser light sheet
created by a cylindrical lens illuminated the center plane of
the cavity to allow the flow to be photographed. A 35-mm
camera with a magnifying lens system was used.

For the experiment described above the values of the di-
mensionless parameters are: Gr = 1130, R^ = 67, and Pr =
105. Bo = 17 and thus buoyancy forces are greater than
surface tension forces in driving the flow as a whole (Bo =
45).

Results and Discussion

Grid System for Numerical Analysis
Based on the past numerical analyses of thermocapillary

flow and combined thermocapillary and buoyant flow, a non-
uniform grid system was adopted with meshes graded toward
the hot and cold walls and toward the free surface. To check
the influence of the grid on the solution, various systems were
tested under the conditions of the experiment. The velocity
and temperature distributions at the free surface computed
with three different grids are shown in Fig. 2 for both flat and
curved surface shapes. The coarse 25 x 22 (horizontal by
vertical) grid with the smallest mesh size of 0.01 was not
adequate for the flat surface case. The 46 x 40 grid with the
smallest spacing of 0.005 was considered to be acceptable for
both cases. The computed Nu were 6.00 (37 x 31) and 6.01
(46 x 40) for the flat surface and 5.26 (37 x 31) and 5.23
(46 x 40) for the curved surface.

For the flat surface case the surface velocity distribution
has a spike near the cold wall due to thermocapillary flow
driven by a sharp temperature gradient in that region (Fig.
2a). As discussed by Chen,8 an accurate numerical scheme
with a very fine grid system is needed to resolve the cold
corner region accurately at high Ma. At Ma = 7.0 x 103 in
the present work the corner region is not accurately resolved
by 46 x 40 system and the peak value would increase with a
finer grid. An extrapolation of the result by Zehr et al.4 shows
that the peak value is about 0.07 (in their units) at Ma = 1
x 103 while the present computation done for pure ther-

0.2 0.4 0.6 0.8

a) Flat Surface

b) Curved Surface
Fig. 2 Surface velocity and temperature distributions computed with
various grid systems (Gr = 1130, R^ — 67, Pr — 105).
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mocapillary flow with the 46 x 40 grid gives the value of
0.052 using the same units. Based on the scaling analysis of
Hu16 for thermocapillary flow, it can be shown that the extent
of the corner region from the cold wall scales with Ma~l when
Pr > 1, which is a relatively small region when Ma is large.
Therefore, the overall flow structure and temperature field
are not influenced by the corner region flow, that agrees with
the result by Zebib et al.3 in which the values of Nu, maximum
stream function, and maximum vorticity are shown to scale
with the bulk flow parameters. We computed the cases studied3

using the 46 x 40 grid and found that the computed values
of Nu and ^max were all within ±2% of the values given as
long as Ma and Ra were less than 104. In comparison, in the
case of the curved-free surface, the corner resolution problem
is less severe because the surface temperature variation is
more gradual so that the peak appears at a larger distance
from the cold wall (Fig. 2b).

In the numerical analysis12 the surface velocity distribution
computed at Ma = 103 for the 0 g free surface shape with 0
= 56 deg is shown to depend very strongly on the grid used
(the results with 20 x 20, 40 x 40, and 80 x 60 nonuniform
grids are shown). Moreover, the velocity spike in the cold
corner disappears with the finest grid. We analyzed the same
problem using the present method with 25 x 22, 37 x 31,
and 46 x 40 grids and found that the grid influence on the
surface velocity distribution was similar to the one shown in
Fig. 2b and that a velocity spike in the cold corner region was
not greatly influenced by the grid system.

To check the influence of the flow on the free surface,
capillary number that is defined as fouler, is computed based
on the velocity in Fig. 2 and the experimental conditions. The
value is no more than 10~3, that is small enough to justify the
assumption of negligible free-surface deformation due to fluid
motion.

Numerical and Experimental Results
The photos of flow patterns for flat and curved-free surfaces

are shown in Fig. 3. The left side wall is hot, so the fluid
moves from left to right along the free surface. Since the
surface tension of silicone oil decreases with increasing tem-
perature, the thermocapillary driving force augments the
buoyant flow along the surface. In both cases the flow pattern
is predominantly unicellular with relatively weak bicellular
motion in the upper half. The center of the left cell is located
higher than the right cell. The numerically predicted stream-
line patterns for the corresponding cases are also presented
in Fig. 3 for comparison. The experimental and computed
results agree in terms of the overall flow pattern and the
location of the closed cells. In order to see the separate in-
fluence of buoyancy and thermocapillarity, purely thermo-

= 6 7 , Gr=1130

1 0 X 1
a) FLAT SURFACE b) C U R V E D SURFACE

Fig. 3 Measured and computed streamlines.

capillary flow and purely buoyant flow with zero shear along
the free surface are computed and the steamlines are plotted
in Fig. 4. In the case of thermocapillary flow (Fig. 4a) the
flow structure is unicellular without secondary cells. As dis-
cussed above, the flow goes deep into the top cold corner
region but the volume flux going into the corner is relatively
small. In pure buoyant flow (Fig. 4b) there are two closed
cells as in the combined case; the location of the left cell is
now slightly lower than the right one without the thermocap-
illary driving force in the top left corner. The Bo = 17 in the
present experiment indicates relatively strong buoyant flow,
but locally thermocapillarity has an appreciable effect on the
flow as seen above.

Figure 5 shows the computed velocity distributions at x/L
= 0.5. The y-coordinate is nondimensionalized by the fluid
depth at x/L = 0.5. As seen in the figure, the influence of
thermocapillary increases the velocity near the free surface
and also decreases the surface flow region (the region with
positive u velocity). If the y-coordinate is adjusted as shown,
the velocity profile is slightly altered by the curved free surface
around x/L = 0.5. In Figs. 2a and 2b it is clear that in the
curved surface case the velocity in the corner region, espe-
cially near the hot wall, is reduced because of the meniscus
shape.

The measured and computed surface temperature distri-
butions for flat and curved surfaces are shown in Fig. 6; the
computation and the data agree. The curved meniscus does
not change the distribution greatly, although it should be
noted that the distribution is plotted against x and not as a
function of distance along the free surface. The surface tem-
perature near the hot wall is slightly higher in the curved
meniscus case because the curved meniscus results in de-
creased convection; along the rest of the surface the temper-
ature is slightly lower when the meniscus is curved.

Temperature distributions in the bulk fluid are measured
at three different x locations and compared with the numerical
results in Fig. 7. They agree, except at x/L = 0.15 where the
fluid temperature is higher than predicted, especially near the

0.0 X 1.0 o.O X 1.0

a) Gr = 0, R<r = 67 b) Gr = 1130, RQ- = 0

Fig. 4 Computed streamlines for pure thermocapillary and pure
buoyant flow.

1.0

0.8

0.6

0.4

0.2

0.0
-0.5 0.0 0.5

U(0.5,Y)

1.0 1.5

Fig. 5 Velocity distributions at x/L = 0.5 computed for various con-
ditions.
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Fig. 6 Comparison of computed and measured surface temperature
distributions.

1,0 1,0 1

TEMPERATURE

Fig. 7 Comparison of computed and measured interior temperature
distributions.

bottom wall. The reason for this is that in the experiment the
bottom wall is heated by the hot wall through conduction,
whereas in the numerical analysis the bottom wall is assumed
to be thermally isolated from the hot wall.

The local heat transfer coefficient along the hot and cold
walls is shown in Fig. 8. The figure shows the distribution
along the top half of the walls because the effect of curved
free surface is greatest there. The heat transfer is substantially
reduced along the hot wall in the curved surface case due to
decreased convection in the top corner. Without thermocap-
illarity, the heat transfer is also reduced in the hot corner,
again showing that the effect of thermocapillary flow is not
small in the present experiment. As discussed above, there
exists a strong corner flow near the cold wall. In the flat
surface case the corner flow impinges directly on the cold
wall, resulting in a sharp increase in the heat transfer rate
(the maximum Nu at the top edge is 63.2, although the value
may contain a certain error due to the aforementioned res-
olution problem). In comparison, since the flow passage is
narrower in the cold corner with the curved free surface, heat
conduction from the cold wall tends to make temperature
more uniform (Figs. 2a and 2b) and at the top edge of the
wall the heat transfer rate is theoretically zero, which is cor-
rectly predicted by the present analysis as seen in Fig. 8. As
a result, the heat transfer rate in the cold corner is greatly
reduced. Because of this reduction the grid size requirement
is less severe than the flat surface case. As shown in Fig. 8,
the 46 x 40 grid system is quite adequate for that case.

Effect of Highly Curved-Free Surface in 0 g
In microgravity a liquid-free surface can be highly curved.

Kamotani11 analyzed the effect of various surface shapes on
thermocapillary convection. Since the free surface vorticity
boundary condition is more accurate in the present analysis,
the effect of a highly-curved surface is reanalyzed herein. The

1.0

0.8

0.6

0.4

HOT
WALL

Flat __
Curved --- (46X40)

—— (37X30)
Flat
Ra=0

10
NU

15 20

Fig. 8 Nusselt number distributions computed for various conditions.
1.3r

Gr = 0
Ar = 1.3
CONTACT ANGLE =

10 DEG.

X 1
a) STREAMLINES

0.2 0.80.4 0.6
X

b) SURFACE VELOCITY
AND TEMPERATURE

Fig. 9 Streamlines and surface velocity and temperature distributions
with highly curved free surface in 0 g.

contact angle considered is 10 deg, which is less than the
smallest value investigated by Kamotani.11 The result is to be
compared with the aforementioned result for the flat surface
with Gr = 0, so we choose Pr = 105 and R^ = 67. If the
container aspect ratio were kept at 1, the average fluid depth
would be greatly reduced by the curved surface; to avoid the
effect, the aspect ratio (Ar) is increased to 1.3 in the curved
case to have the same fluid volume in both cases.

Some important results are presented in Fig. 9. The stream-
line pattern given in Fig. 9a shows that the flow tends to get
into the recessed corner regions but it is nearly stagnant near
the contact lines as compared with Fig. 4a. The dimensionless
maximum stream function is 0.156 for the flat case and 0.119
for the curved case. Therefore, the overall flow is slower in
the curved case despite the fact that the thermocapillary driv-
ing force acts over a larger area (the free surface is 42%
larger). With the curved surface the thermocapillary force is
less effective in driving the unicellular motion because it con-
tinuously changes the direction along the surface and also the
average driving force is reduced as discussed below. As seen
in Fig. 9b, with the curved-free surface the surface temper-
ature becomes more uniform in the hot and cold corners
because of reduced convection there. The surface velocity
distribution still has two peaks but they are located further
away from the walls. The peak values are only slightly reduced
by the curved surface. Because the flow is no longer strongly
impinging on the top edge of the cold wall, the maximum
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heat transfer rate at the cold wall is reduced from Nu - 53
for the flat surface, to Nu = 8.6 for the curved surface, while
the average Nu is reduced from 3.63 to 2.80. As observed by
Kamotani,11 the overall flow quantities are much less influ-
enced by the curved surface than the local quantities in the
corner regions.

The computational time increase with an increasingly curved
surface. In the present analysis, a time step of 2.0 x 10~6

was used for the vorticity equation in the flat surface case,
whereas a time step of 10 ~6 was used in the highly curved
surface case.

Conclusions
Combined thermocapillary and natural convection in a square

cavity with flat and curved-free surfaces is investigated both
numerically and experimentally. A numerical scheme is de-
veloped to analyze the combined flow with curved-free sur-
faces and its predictions agree well with the experimental
results. The thermocapillary driving force is greatly reduced
in the hot and cold corner regions when the free surface is
highly curved. Consequently, the flow becomes much slower
and the local heat transfer rate is substantially reduced in
those regions. When the free surface is flat, thermocapillary
flow impinges strongtly on the top edge of the cold wall and
as a result the heat transfer rate is very large near the edge
but the sharp peak disappears when the surface is curved.
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